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Thus, in a right triangle ABC (see Figure 9–7), we have the following relations:

1. sinA = 
a
c  = cosB

2. cosA = 
b
c  sinB

3. tanA = 
a
b = cotB

4. cotA = 
b
a = tanB
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4. cot tan
b

A B
a

= =

Figure 9–7

There are six basic relations among trigonometric functions. They are referred to as basic identities:

1. 
sin

tan
cos

αα
α

=

2. 
cos

cot
sin

αα
α

=

3. tan cot 1α α⋅ =

4. 2 2sin cos 1α α+ =

5. 2
2

1
tan 1

cos
α

α
+ = , cos 0α ≠

6. 2
2

1
1 cot

sin
α

α
+ = , sin 0α ≠

Often 
1

sinα  is denoted by cscα  and 
1

cosα  by secα .

Thus identities 5 and 6 can be written as:

7. 2 2tan 1 secα α+ =

8. 2 21 cot cscα α+ = .

To prove these formulas for an acute angleα , let ABC  be a right triangle in C  with the acute angle 

BAC α= . Let AC b= , CB a= , and AB c= , as shown in Figure 9–8.
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Figure 9–8

1. 
sin

tan
cos

αα
α

=

Proof: Since sin
a
c

α =  and cos
b
c

α = , the ratio 
sin

:
cos

a b a
c c b

α
α

= = . By definition, tan
a
b

α= . Therefore,
sin

tan
cos

αα
α

= . 

2. 
cos

cot
sin

αα
α

=

Proof: Since cos
b
c

α = , we have:
cos

:
sin

b a b
c c a

α
α

= =

Since cot
b
a

α= , we get 
cos

cot
sin

αα
α

= . 

3. tan cot 1α α⋅ =

Proof: By definition, cot
b
a

α = and tan
a
b

α = . Hence: tan cot 1
a b
b a

α α⋅ = ⋅ = . 

4. 2 2sin cos 1α α+ =

Proof: By the Pythagorean Theorem, in a right triangle ABC, we have 2 2 2a b c+ = . 

Dividing both sides of the equality by the non-zero 2c , we get 
2 2 2

2 2 2
1

a b c
c c c

+ = =

Since sin
a
c

α=  and cos
b
c

α= , we get: 2 2sin cos 1α α+ = . 

5. 2
2

1
tan 1

cos
α

α
+ =

Proof: 
2 2 2 2

2
2 2 2

sin sin sin cos 1
tan 1 1 1

cos cos cos cos
α α α αα
α α α α

+ + = + = + = =  
. 

6. 2
2

1
cot 1

sin
α

α
+ =

Proof: 
2 2 2 2

2
2 2 2

cos cos cos sin 1
cot 1 1 1

sin sin sin sin
α α α αα
α α α α

+ + = + = + = =  
. 
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c
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Therefore, 
1

( ) sin
2

area ABC AB AC α= ⋅ ⋅ .

9.2 the tangent Function for acute angles

As with the sine function, take an acute angleα  and position it in a coordinate system so that its vertex 

is at the origin O and one of its sides is on the positive x-axis. Let ( , )P x y  be a point on the second side 

of the angle. (See Figure 9–5.) 

Figure 9–5

As α  varies from 0°  to90° , the ratio 
y
x

 also varies but always remains positive. Moreover, as α  gets 

larger, y  gets larger and x  gets smaller, and so 
y
x

gets larger. As α  gets smaller, y  gets smaller and 

x  gets larger, and so
y
r

gets smaller. 

The ratio 
y
x

 is called the tangent ofα , and is written as tanα . Indeed tanα  is the slope of the line 

going through the origin O and the point P. For 0 < α < 90 , 0 < tanα < ∞ .

As with the sine function, here too we must guarantee that tanα is a function. That is, we must show 

that the value of tanα is independent of the choice of the point ( , )P x y on the second side of the 

angle. 

Theorem: Let angle α  be an acute angle such that its vertex is at the origin and one of its sides is 

on the positive x-axis, as is shown in Figure 9–6. Let ( , )P x y  and '( ', ')P x y  be two distinct points on 

the non-horizontal side of the angle. Then 
'
'

y y
x x

= .
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Figure 9–6

Proof: Drop two perpendiculars PC  and 'PC as shown in Figure 9–6. Clearly, OPC  and ' 'OP C

are similar. Hence, 
'
'

y y
x x

= .

In addition to the functions sine and tangent, we will define two additional trigonometric functions. 

The four functions are needed to write trigonometric formulas more effectively.

The cosine of an angle 0 90α° < < °  is denoted by cosα  and is defined as follows: cos sin(90 )α α= ° − . 

The cotangent of an angle 0 90α° < < °  is denoted bycotα  and is defined as follows: cot tan(90 )α α= ° −

From here, it is easy to see that sin cos(90 )α α= ° − and that tan cot(90 )α α= ° −

Here is why:

By the definition of cosine, cos(90 )α° − = sin(90 (90 ))α° − ° − = sinα .

By the definition of cotangent, cot(90 )α° − = tan(90 (90 ))α° − ° − = tanα .

Thus, in a right triangle ABC  (see Figure 9–7), we have the following relations:

1. sin cos
a

A B
c

= =

2. cos sin
b

A A
c

= =

3. tan cot
a

A B
b

= =

P'(x', y')

P(x, y)

y

x

x'

y'

x

y

r'

U
SA

D
 - 

U
SA

D
, C

A9.4 RELATIONS AMONG TRIGONOMETRIC FUNCTIONS
There are six basic relations among trigonometric functions. They are referred to as basic identities:

1. tan α = 
sin α
cos α

2. cot α = 
cos α
sin α

3. tan α ⋅ cot α = 1

4. sin2α + cos2α = 1

5. tan2α + 1 = α = 
1

cos2α  , cos α ≠ 0

6. 1 + cot2α = 
1

sin2α, sin α ≠ 0

Often 
1

sin α is denoted by csc α and 
1

cos α by sec α.

Thus identities 5 and 6 can be written as:

7. tan2α + 1 = sec2α

8. 1 + cot2α = csc2α.

To prove these formulas for an acute angle α, let �ABC be a right triangle in C with the acute angle ∡BAC =α. 
Let AC = b, CB = a, and AB = c, as shown in Figure 9–8.

FIGURE 9–7


